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Abstract  

A major challenge for Trajectory-Based Operations is the existence of significant uncertainties in the 
models and systems required for trajectory prediction. In particular, weather uncertainty has been 
acknowledged as one of the most (if not the most) relevant ones. In the present deliverable we present 
results on robust trajectory planning at the pre-tactical level (mid-term planning). The main goal is to 
plan trajectories that are efficient, yet predictable. State-of-the-art forecasts from Ensemble Prediction 
Systems are used as input data for the wind field and convective risk. Notice that meterological 
uncertainty is assumed to be the unique source of uncertainty. We develop an ad-hoc optimal control 
methodology to solve trajectory-planning problems considering meteorological uncertainty. A set of 
trade-off optimal trajectories is obtained for different preferences between predictability, convective 
risk, and average efficiency; in particular, we present and discuss results for the minimum average 
flight time and the most predictable trajectory, including the trade-off between fuel consumption, time 
dispersion, and exposure to convective risk. We show how uncertainty can be quantified and reduced 
by proposing alternative trajectories. 
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Executive Summary 

TBO-Met’s D4.1 focuses on Robust Trajectory Planning at pre-tactical level (mid-term planning; in this 
context, three hours before departure). A methodology for robust route optimization is presented that 
can serve as a stepping-stone towards robust TBO within SESAR. We make use of Ensemble Prediction 
Systems and optimal control techniques. Both wind and convection are considered as the sources of 
uncertainty. 

Main contributions of D4.1, include: 

 A thorough state of the art on trajectory planning and trajectory optimization, including 
deterministic wind and uncertainty. 

 A model to post-process wind data into twice differentiable functions that can be included in 
optimal control formulations. 

 A novel robust optimal control formulation for trajectory planning problems. 

 A case study with results on robust trajectory planning considering wind as the unique source of 
uncertainty. 

 A case study with results on robust trajectory planning considering wind and convection risk as 
sources of uncertainty. 

D4.1 is structured as follows: In Chapter 2, the state of the art is presented. Chapter 3 includes the 
models used. Chapter 4 sates the formulation of the Robust Trajectory Optimization Problem. Finally, 
Chapter 5 and 6 present the two case studies, the former considering wind as the only source of 
uncertainty and the latter considering both uncertain wind and convective risk, respectively. 

Main results and conclusions that can be drawn include: 

 A novel methodology to model wind data (as it comes for EPS forecasts provided by Met 
Services, already processed as illustrated in [1] and [2]) in such a way that can be introduced in 
optimal control formulations (in which twice differentiable functions are needed to guarantee 
local optimality). This methodology has demonstrated to substantially reduce wind-modelling 
errors when compared to canonical approaches, e.g., global regression analysis. According to 
the case study presented in Chapter 3 (see Figure 3.10), our methodology reaches a standard 
deviation error below 2 m/s (in wind speed values) when comparing wind data (as they come in 
the EPS forecast) and our fitting function. Existing approaches, e.g., global regression analysis, 
might double this error. A systematic analysis (on different days and meteorological 
circumstances) and its impact on calculated trajectories should be done to quantitatively assess 
the improvements that we are now claiming based on an example. This however lays out of the 
scope of TBO-Met and remains as future task. 

 A novel robust optimal control methodology for computing robust optimal routes based on 
Ensemble Prediction Systems, which has demonstrated its utility in studying trade-offs between 
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efficient and predictable routes. We can conclude that by using this method, uncertainty (in this 
case due to wind and/or exposure to convective risk) can not only be quantified, but also 
reduced by proposing alternative trajectories.  

 An application of the above mentioned methodology to a case study in which wind in considered 
the only source of uncertainty. See Chapter 5 and please refer to Figures 5.1-5.3. Figure 5.2 
shows the trade-off frontier of the problem, obtained by solving problems with different 
penalties p (from p = 0 to p = 50). For the minimum average fuel case (p = 0), the time dispersion 
at the final fix is above 4.5 minutes, whereas for the maximum predictability case (p = 50), the 
time dispersion at the final fix is slightly above 1.5 minutes. In other words, around three 
minutes reduction in time uncertainty could be achieved by flying the most predictable 
trajectory (p = 50). This would be however at roughly 2500 kg of extra fuel burnt. Something 
more realistic would be the increase in predictability of about 1.25 minutes, which would result 
in 500 kg of fuel consumption. In any case, the trade-off frontier (Figure 5.2) shows different 
possible solutions with trade-offs dispersion-consumption. 

 An application of the above mentioned methodology to a case study in which both wind and 
convective phenomena are considered the only sources of uncertainty. See Chapter 6 and please 
refer to Figures 6.1-6.3. It is important to remark that the exposure to convective risk areas could 
somehow turned into additional expected delay due to, for instance, (tactical) ATFM regulations 
or ATC advisories to avoid developed storms. This is however an open problem and, 
consequently, at this point is difficult to quantify the effects. In any case, we have demonstrated 
that the algorithm is able to take into consideration convection risk: Figure 6.1 displays the 
geographical routes for different values of (dispersion penalty) dp and (convective penalty) cp. 
It can be seen that routes computed with higher dp (setting cp = 0) tend to avoid the high 
uncertainty zone in the Atlantic in order to increase predictability, at the cost of taking a more 
indirect route that is longer on average. It can be also observed that routes computed with 
higher cp (setting dp = 0) tend to reduce the exposure to convective risk zones, again at the cost 
of taking a more indirect route. Notice that the problem has been also solved for additional cp-
dp pairs (including those with both values different than zero). 

All in all, these algorithms could be of interesting for both flight dispatchers (demand side of the 
problem) and networks managers (capacity side) for the design of a more robust ATM system and, in 
turn, improve the ATM performance in terms of safety, capacity (delays), and environment. 

Future activities within TBO-Met that are linked with the methodologies presented in D4.1 include: 

 Associated to Task 4.2 (and thus D.4.2): the avoidance of storms at the tactical level (short-term 
planning and execution). Trajectories calculated using the algorithms presented in D4.1 will be 
used as input for Task 4.2 (acting as reference 4D trajectory). Then, storms might be 
encountered and decisions to be taken lay at the tactical level (short-term planning execution). 

 Associated to Task 4.3 (and thus D4.3): the validation exercises. Different scenarios will be 
validated via simulation. The algorithms herein presented will be used to calculate 4D 
trajectories at pre-tactical level (mid-term planning). This will be used as input for WP6 

 Associated to WP5: sector capacity analysis. Different 4D trajectories, including its associated 
uncertainty, will be used as input for the algorithms under development within WP5. The 
consideration of convection would be herein relevant to plan trajectories that might want to 
avoid areas of potential bad weather upon coordination with the Network Manager. 
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1. Introduction1 

In the future ATM system, the trajectory becomes the fundamental element of a new set of operating 
procedures collectively referred to as Trajectory-Based Operations (TBO). Trajectory constitutes a 
fundamental element of the TBO concept; it is the trajectory that will best meet airline business 
interests and will evolve out of a collaborative and layered planning process. A major challenge for 
Trajectory-Based Operations is the existence of significant uncertainties in the models and systems 
required for trajectory prediction. A better understanding of the elements introducing uncertainty in 
the traffic is key when optimizing, planning, executing, monitoring and synchronizing trajectories with 
ground systems and/or other aircraft. In TBO-Met, the focus is on Meteorological uncertainty. 
Meteorological information is provided by Ensemble Prediction Systems (EPS) at the pre-tactical level 
(mid-term planning) [3] and by EPS and Nowcasts at the tactical level (short-termplanning and 
execution) [4]. 

According to TBO-Met’s Project Management Plan [5], the fundamental goal of WP4 is to analyse 
trade-offs between efficiency and predictability of 4D trajectories under meteorological uncertainty 
within the envisioned TBO operational concept. The following sub-objectives arise: 

1. Robust trajectory planning at pre-tactical level (mid-term planning: up to three hours before 
departure) considering wind and convection uncertainty. This is Task 4.1 according to TBO-
Met’s Project Management Plan [5], which is the aim of the present deliverable (D4.1). 

2. Improve predictability in trajectory planning at tactical level (short-term planning and 
execution) considering the uncertainty of individual storm cells within the convective weather 
regions. This is Task 4.2 according to TBO-Met’s Project Management Plan [5], to be included 
in D4.2 

3. The validation via simulation of the above mentioned methodologies. This is partially covered 
within Task 4.3 according to TBO-Met’s Project Management Plan [5], in which a catalogue of 
simulation scenarios will be produced and included in D4.3. The simulations are part of WP6 
according to TBO-Met’s Project Management Plan [5]. 

In other words, we ambition to develop algorithms capable of improving the predictability of aircraft 
trajectories when subject to meteorological uncertainty, but keeping acceptable levels of efficiency. 
Figure 1.1 sketches the intended methodologies for WP4. 

                                                           

 

1 The opinions expressed herein reflect the author’s view only. Under no circumstances shall the SESAR Joint Undertaking be 
responsible for any use that may be made of the information contained herein. 
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Figure 1.1: TBO-Met’s WP4 Trajectory Planning Methodology for both pre-tactical (mid-term planning) and tactical (short-term planning 
and execution) levels. Recall that Deliverable 4.1 focuses on the pre-tactical level (left-hand side of the figure) 

 

1.1 Scope of the Deliverable 

In the present Deliverable we present results on robust trajectory planning at pre-tactical level (mid-
term planning; in this context, around 3 hours before departure). A methodology for robust route 
optimization is presented that can serve as a stepping-stone towards robust 4D flight planning. To that 
end, we make use of Ensemble Prediction Systems and optimal control techniques. Both wind and 
convection are considered as the unique sources of uncertainty. Figure 1 sketches the intended 
methodology for the Trajectory planning problem in WP4 of TBO-Met Project. Recall that in this 
Deliverable we focus on the pre-tactical level (mid-term planning), i.e., the left hand side of the figure. 

Also according to TBO-Met’s Project Management Plan [5], the tactical (short-term planning and 
execution) problem, i.e., right hand side of Figure 1 will be subject of study within Deliverable 4.2. 

D4.1 is structured as follows: In Chapter 2, a state of the art is presented, focusing on methodological 
approaches for trajectory planning under uncertainty. Chapter 3 includes the models used across the 
different cases solved. Chapter 4 sates the formulation of the Robust Trajectory Optimization Problem. 
Chapter 5 and Chapter 6 present two case studies, the former considering wind as the only source of 
uncertainty and the latter considering both uncertain wind and convective risk, respectively. Finally, 
some conclusions are drawn in Chapter 7. 

 

1.2 Acronyms and Terminology 
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ATC Air Traffic Control 

ATM Air Traffic Management 

BADA Base of Aircraft Data 

CAPE Convective Avialable Potential Energy 

CI Cost Index 

CP Convective Precipitation 

D Deliverable 

ECMWF European Centre of Meterological Weather Forecasts 

EPS Ensemble Probabilistic System 

FRAMak Free Route Airspace Maastricht and Karlsruhe project 

GLAMEPS Grand Limited Area Model Ensemble Prediction System 

gPC Generalized Polynomial Chaos 

HIRLAM High Resolution Limited Area Model 

IMET 
Investigating an optimal approach For future trajectory Prediction (TP) systems to use 
meteorological uncertainty information 

Met Meterology 

NextGen Next Generation of Air Transportation Systems 

NLP NonLinear Programming 

NOC Neighbouring Optimal Control 

NWP Numerical Weather Predictions 

OCP Optimal Control Problem 

ROCP Robust Optimal Control Problem 

SESAR Single European Sky ATM Research 

TBO Trajectory Based Operations 

TT Total Totals Index 

WP Work Package 
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2. State of the Art 

 

In this chapter we review the state of the art on trajectory planning: first, the problem of deterministic 
flight planning in Section 2.1; then, the case of trajectory planning subject to wind in Section 2.2; and, 
finally, the case of trajectory optimization under uncertainty in Section 2.3. 

 

2.1 Deterministic Flight Planning 

Flight planning is the procedure of generating a valid flight plan with the goal of minimizing fuel burn, 
flight time and overflight charges while taking into account weather, traffic, and ATC constraints. In 
order to deal with the regulation and structure of the current airspace structure, commercial flight 
planning tools usually subdivide the problem into a 2D route optimization problem (which then can be 
solved with a method such as [6] [7]) and a vertical profile and speed optimization procedure [8]. 
 
However, initiatives such as SESAR [9] and NextGEN [10] are promoting the implementation of free 
route airspaces. Operation implementation is already underway in airspaces such as the Maastricht 
and Karlsruhe Upper Area Control airspaces under the FRAMaK project. The move towards Trajectory-
Based Operations is renewing interest in optimal control techniques that can solve complete 4D 
trajectory optimization problems. 
 
The usage of analytical optimal control techniques to optimize fuel savings started several decades ago 
(see [11] [12] and references therein for some of the earlier works on profile and speed optimization 
and [13] on three-dimensional trajectories). More recently, [14] used Green’s theorem to obtain the 
solution of the constant altitude cruise problem and [15] used an indirect method to obtain the 
minimum fuel cruise with a fixed time of arrival. Complete profiles including climb, cruise, and descent 
were studied in [16] and extended by [17] for altitude-constrained profiles. An optimization procedure 
based on discrete patterns was introduced on [18] and extended by [19] in order to generate ATC-
compliant trajectories composed by segments of constant Mach and altitude. 
 
Several researchers have also studied the aircraft trajectory optimization problem with direct 
methods. Efficient and reliable landing methods using optimal control are developed in [20]. As the 
performance of direct methods is highly dependant on the initial guess, a method for generating initial 
guess trajectories for the same problem is introduced in [21]. In [22] and [23], a complete trajectory is 
optimized using hybrid optimal control, and a similar approach is employed in [24] in order to include 
contrail avoidance in the objective function. An optimal-control framework is also used in [25] and [26] 
to produce optimal conflict-free trajectories, and in [27] the impact of assigning an RTA (Required Time 
of Arrival) on fuel burn is studied. 
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2.2 Wind-Optimal Aircraft Trajectories 

While wind and weather have an important influence on trajectory efficiency, most (but not all) of the 
works cited in the previous section do not take it into account. Nevertheless, the problem of optimal 
aircraft routing in general wind fields has indeed been specifically studied in the optimal control 
literature. The earliest works were based on the simple Zermelo problem [28] [29], which models a 
constant-velocity vehicle on a two-dimensional wind field. 

One of the first modern studies on the topic was [30], which relied on the techniques of Neighbouring 
Optimal Control (NOC). A guidance method in a general wind field is developed, as well as a NOC-based 
algorithm, which solves a linearized system describing a perturbation around a nominal trajectory. In 
[31], this method (called Near-Optimal Wind Routing) is compared with an “Optimal Wind Routing” 
solution, which integrates a differential equation (obtained by analytical optimal control techniques) 
from the destination point with different values of a parameter in order to find a route that passes 
through the initial point. Additional work on this class of techniques has been carried out in [32], which 
considers time-varying wind fields and variable airspeed, and another analytical optimal control-based 
method is applied in [33] to find optimal routes in the presence of winds while avoiding contrail 
formation. This method is combined with a vertical profile optimization method in [34]. 

Dynamic programming has also been used for the calculation of wind-optimal paths. In [35], an 
efficient dynamic programming approach relying in an ordered upwind method is used to optimize the 
2D trajectory of a constant-velocity aircraft. This method is extended in [36] to consider the flight on 
the surface of a sphere in order to adapt it to mediumand long-haul flights. In the methodology 
designed in [37], a standard dynamic programming approach on a 2D network is also one of the steps 
of the proposed solution. 

In contrast with these works, which apply to general wind fields but usually make other simplifications 
(such as constant airspeed or altitude), the studies in [38] [39] [40], which rely on indirect methods, 
consider the effect of average along-track wind speeds while considering variable speed. In [16], hybrid 
multiphase optimal control is used to generate complete climb, cruise and descent profiles with the 
ability to consider general wind profiles. 

Direct methods, which have the potential of dealing with more complex and complete problems have 
also been used to optimize trajectories on general wind fields. In [22], [41] and [23], the wind is 
modeled as a polynomial obtained by regression on tabular data and hybrid optimal control is used in 
conjunction with a direct transcription to solve the optimal control problem. In [42], we will introduce 
a multiphase formulation that allows us to use a more precise approximation of the wind field, as 
regression only produces a low-resolution approximation. 

Other methods on trajectory optimization on general wind fields without using optimal control were 
developed in [43] [44], which use a genetic algorithm and a performance database to obtain optimal 
4D trajectories. 
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2.3 Aircraft Trajectory Optimization under Uncertainty 

Recently, interest has been growing on the quantification of the impact of uncertainty on all aspects 
of the ATM system. In particular, the SESAR-sponsored IMET project has been set up with the goal of 
utilizing meteorological data to study the impact of meteorological uncertainty and improve decision-
making in ATM and pre-tactical (mid-term planning) flight planning operations. Some results were 
presented in [45], where the impact of meteorological uncertainty on a North Atlantic route was 
studied. Other uncertainties have also been targeted in the literature: for example, the impact on 
uncertainty in initial mass on a trajectory [46], the influence of uncertainties in aircraft performance 
[47] and the impact of aircraft intent uncertainty [47]. 
 
However, the consideration of uncertainty as an input to the flight planning process instead of as a 
component of the outcome of a flight (i.e., as a robust or stochastic optimal control problem) plan has 
not been studied in depth on this field and the literature on the topic is sparse. There are some studies 
solving what we called the “uncertainty quantification OCP”. In [48], this approach is used in order to 
solve the problem of optimal aircraft routing through an environment with lethal threats of uncertain 
location, and it combines polynomial chaos for uncertainty quantification and pseudospectral methods 
for solving the deterministic OCP. A similar approach is employed in [49], [50] and related work in the 
context of conflict resolution. 
 
In [51] (based on the method of [52]), the authors deal with what we call the “Robust OCP” in order to 
find shortest climb controls for a supersonic aircraft, which used a polynomial chaos technique to 
characterize aerodynamic data uncertainty and integrates this representation into the problem 
formulation. The robust approach is compared with the uncertainty quantification approach. A robust 
scheme is also used in [53] in order to optimize the trajectory of a UAV based on dynamic soaring. 
Nevertheless, as noted in [51], the field of nonlinear robust dynamic optimization has not been 
explored in depth. 
 
Stochastic optimal control problems (in our terminology) for aircraft trajectory optimization remain 
underexplored too. An algorithm that discretizes the state-space in order to represent the evolution 
of the system as a Markov Chain is used in [54] for midair conflict resolution and bad weather 
avoidance. In [55] [56] and [57], an algorithm for multi-aircraft routing and traffic flow management 
under uncertain convective weather conditions is proposed, using dynamic programming on a Markov 
Decision Process. 
 
As a consequence, developing an appropriate methodology for 4D trajectory optimization under 
weather-related uncertainty is one of the challenges in TBO-Met project and it is covered within this 
deliverable. Indeed, throughout the work done within this 9 months in TBO-Met, we have contributed 
to the state of the art with [58] and [59]. 
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3. Modelling 

In this Chapter, we present the different models that are needed to solve a robust aircraft trajectory 
planning problem First, in Section 3.1 we cover the aircraft performance model, based on Eurocontrol’s 
BADA. Then, in Section 3.2 we focus on meteorological input data (input from WP2 included in [1]). In 
Section 3.3 we analyze how convective risk is modelled based on met input data. Finally, in Section 3.4 
we present a novel approach for more accurate wind modelling in order to include it in optimal control 
problems. 

3.1 Aircraft Performance and Modelling 

Simulation, prediction and optimization of trajectories rely on accurate models of the real aircraft that 
can replicate its behaviour in practice. The most commonly used description of aircraft dynamics in the 
field of ATM and trajectory planning is the three degrees of freedom (3-DoF) point-mass model. The 
state of the aircraft at any point in time is described by its position in a 3-dimensional space, its velocity 
and orientation, as well as any additional performance variables or parameters (such as the mass or 
the aerodynamic configuration). The space where this motion takes place can be either a Cartesian 
space or a round or ellipsoidal Earth model, depending on the desired application. 

This dynamical model is completed by the addition of models for the aerodynamic forces and the 
necessary limitations to the flight envelope arising from different sources, such as design and 
performance limits or regulatory requirements. A complete package is called an Aircraft Performance 
Model (APM). For TBO-Met Project, the BADA (Base of Aircraft Data) family of APMs developed and 
maintained by the Eurocontrol Experimental Center in collaboration with aircraft manufacturers and 
operating airlines will be used. There are currently two versions of BADA in use: 

 BADA 3 family [60] covers a wide variety (around 300) of the aircraft types operating over the 
ECAC area. 

 BADA 4 family [61] covers fewer aircraft types, but it provides a more accurate modelling of 
several components (for example, by including compressibility effects in the drag polar). 

Notice that the methodologies presented in this deliverable are suitable for both BADA versions. 

 

3.1.1 Aircraft 3DoF Modelling 

We consider a 3-degree of freedom point-mass model of a fixed-wing aircraft flying on an ellipsoidal 
Earth. For simplicity purposes and because it constitutes the majority of the flight, we will consider 
only the cruise part of the flight. Additionally, we will assume that the aircraft is flying at constant 
altitude. We will note, however, that these assumptions are not indispensable and our methodology 
can be extended to deal with more complex problems. 
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Under these assumptions, the corresponding state space is 5-dimensional with two control variables. 
The state variables are true airspeed, latitude, longitude, mass and true heading (respectively v, φ , λ, 

m, χ), and the control variable are the throttle setting π ∈ [πmin, 1] and the bank angle µ, limited to 

|µ| < π/4. The corresponding differential equations are: 

𝑑

𝑑𝑡

[
 
 
 
 
𝑣
𝜙
𝜆
𝑚
𝜒]

 
 
 
 

=

[
 
 
 
 
 
 
 

𝑇(𝜋)−𝐷(𝑚,𝑣,𝜇)

𝑚
𝑣cos(𝜒)+𝑤𝑦(𝜙,𝜆)

𝑅𝑁+ℎ

𝑣sin(𝜒)+𝑤𝑥(𝜙,𝜆)

(𝑅𝑀+ℎ)cos(𝜙)

−𝑇(𝜋) ⋅ 𝜂(𝑣)

−
𝐿(𝑚,𝜇)⋅sin(𝜇)

𝑚𝑣 ]
 
 
 
 
 
 
 

        (3.1) 

where T is the thrust, L is the lift, D is the drag,2 𝑤𝑥 and 𝑤𝑦 are the zonal and meridional components 

of the wind, η is the thrust-specific fuel consumption and 𝑅𝑀 and 𝑅𝑁  are the radii of curvature of 
ellipsoid meridian and prime vertical respectively. In the following, we abbreviate eq. 3.1 as �̇� =
𝑓(𝑥, 𝑢) by defining the state vector 

𝑥 = [𝑣 𝜙 𝜆 𝑚 𝜒]𝑇 

and the control vector 

𝑢 = [𝜋 𝜇]𝑇. 

For all cases solved and presented in this Deliverable, the performance model providing the drag, lift 
and fuel consumption functions is BADA 3.11 [60]. 

Before formulating the optimal control problem, and given the described dynamical system, we seek 
to include: 

 Initial conditions 𝑥(𝑡0) = 𝑥0 

 Final conditions: 𝜙(𝑡𝑓) = 𝜙𝑓, 𝜆(𝑡𝑓) = 𝜆𝑓, and 𝑣(𝑡𝑓) = 𝑣𝑓 

 A cost functional to minimize. In our case, we are interested in minimizing cost functionals of 
the form ϕ(x(𝑡𝑓), 𝑡𝑓 ) = −m(𝑡𝑓)+ CI·𝑡𝑓 + PREDICTABILITY TERM + EXPOSURE TO CONVECTIVE 

RISK TERM, where CI is a parameter called the cost index that reflects the relative cost of flight 
length compared to fuel consumption, and both Predictability term and Exposure to 
convective risk term are self-explanatory and will be detailed within subsequent chapters. 

The combination of these components and the dynamical system given by Equation (3.1) forms the 
optimal control problem that we will study. 

 

  
                                                           

 

2  Note that the aerodynamic forces (lift and drag) do not depend directly on the mass of the aircraft, but the constant altitude condition 

introduces an indirect dependence 
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3.2 Meterological Input Data 

The reader should notice that this Section was originally included in [1]. We include herein a Summary 
for the sake of completeness. 

Uncertainty of wind fields and convective regions will be derived from Ensemble Prediction Systems 
(EPS). Ensemble forecasting is a prediction technique that generates a representative sample of the 
possible future states of the atmosphere. An ensemble forecast is a collection of typically 10 to 50 
weather forecasts (referred to as members) with a common valid time, which can be obtained using 
different Numerical Weather Prediction (NWP) models with varying initial conditions. The spread of 
solutions can be used as a measure of uncertainty. Figure 3.1 presents a summary of operational 
requirements of WP4. 

  

Figure 3.1: Summary of operational requirements of WP4. Source: TBO-Met’s D2.1 (Table 1) 

 

In this project we want to focus on the output data of the global ensemble forecast system ECMWF-
EPS (ENS) and on the output data of the Grand Limited Area Model Ensemble Prediction System 
GLAMEPS. AEMET as a project partner has access to data of these two ensemble systems. Figure 3.2 
presents model characteristics of ECMWF-EPS and GLAMEPS. 

 

3.2.1 ECMWF-EPS 

The European Centre for Medium-Range Weather Forecasts (ECMWF) has pioneered a system to 
predict forecast confidence. This system, operational at ECMWF since 1992, is the Ensemble Prediction 
System (EPS). Since 2010, the EPS probabilistic forecast has been based on 51 integrations with 
approximately 32-km resolution up to forecast day 10, and 65-km resolution thereafter, with 62 
vertical levels. 
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The ECMWF-EPS represents uncertainty in the initial conditions by creating a set of 50 forecasts 
starting from slightly different states that are close, but not identical, to our best estimate of the initial 
state of the atmosphere (the control). Each forecast is based on a model which is close, but not 
identical, to our best estimate of the model equations, thus representing also the influence of model 
uncertainties on forecast error. 

 

Figure 3.2: Model characteristics of ECMWF-EPS and GLAMEPS. Source: TBO-Met’s D2.1 (Table 3) 

 

The divergence, or spread, of the control plus 50 forecasts gives an estimate of the uncertainty of the 
prediction on that particular day. On some days, the spread might be small implying that the 
atmosphere is very predictable and users can trust that the reality will fall somewhere in the narrow 
range of forecasts. On other days or in other areas, the 51 forecasts might diverge considerably after 
just a few forecast days, indicating that the atmosphere is especially unpredictable. The variable 
ensemble spread gives users potentially very useful information on the range of uncertainty. Having a 
quantitative flow-dependent estimate of uncertainty allows users to make better-informed weather-
related decisions. 

 

3.2.2 GLAMEPS 

Several HIRLAM and ALADIN national meteorological institutes have earlier developed, or are in the 
process of developing, a variety of techniques for short-range ensemble forecasting in limited domains. 
The HIRLAM and ALADIN consortia aim to integrate the knowledge, experience, and results from these 
activities, and incorporate them in an operationally feasible distributed ensemble forecasting system.     
The major challenge for this system is to provide reliable probabilistic forecast information, on the 
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short range (up to 60h), at spatial resolution of 10-20 km and particularly suited for the probabilistic 
forecasting of severe, high impact weather. 

The aim of the GLAMEPS project is to establish an operational grand limited area ensemble prediction 
system. In production mode, this will constitute a distributed, multi-model EPS production system. 
Individual countries from HIRLAM and ALADIN will each produce a subset of ensemble members in a 
variety of manners. Results from each member will be exchanged in real-time between GLAMEPS 
participants and added together in a common statistic for probabilistic forecasting.  It is anticipated 
that this will produce ensemble forecasts based on    a range of perturbation methods from 7 HIRLAM 
countries and 10 ALADIN countries. 

The GLAMEPS ensemble is a 48+4-member multi-model ensemble, with 4 control members plus 48 
perturbed members, the latter of which include lagging. GLAMEPS is run over 4 cycles per day for hours 
00, 06, 12 and 18 UTC, where each cycle runs a 24+4 member ensemble. The member configuration is 
such that two consecutive cycles make up a full 48+4 member ensemble. 

GLAMEPS comprises following models: 

 Hirlam with Straco 

 Hirlam Kain/Fritsch 

 Alaro SURFEX 

 Alaro ISBA 

GLAMEPS splits the perturbed ensemble members into two groups, which are run in an alternating 
manner when moving from one cycle to the next one. This ensemble configuration leads to a full 
ensemble when combining the perturbed members from two consecutive cycles, and adding the 
control runs from the newest cycle. This way, GLAMEPS is capable of providing ensemble products 
every 6 hours, while optimizing the use of available computer resources. 

 

3.2.3 Summary of Characteristics 

Figure 3.3 presents a summary of selected parameters provided by the ECMWF-EPS (ENS) and 
GLAMEPS, respectively. The reader should notice that all these input parameters (wind, convection, 
and its uncertainty) can readily obtained using the Python-based software described in [2]. 
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Figure 3.3: Selected parameters provided by the ECMWF-EPS (ENS) and GLAMEPS. Source: TBO-Met’s D2.1 (Table 4) 

 

3.3 Convection Risk Modelling 

The reader should notice that this Section was originally included in [1]. We include herein a Summary 
for the sake of completeness. 

 

3.3.1 Convection Indicators 

Within this deliverable it is attempted to delimit high-risk areas due to deep convection and their 
respective uncertainty. The term convective area is defined here as an area of potentially developing 
storms. The latter comprise individual storm cells, multi-cells, mesoscale convective complexes and 
squall lines. The onset and the location of those individual storms are difficult to evaluate for the time 
being and impossible to determine in many cases. Favourable environmental characteristics and 
conditions for certain types, however, are known, e.g.: 

 A squall line (at least in Central Europe) very often develops several hundred kilometres ahead 
of and parallel to an approaching cold front. It is initiated and recognized by a boundary 
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convergence line. Many such lines often occur approx.10m km apart, but not all of them 
necessarily develop into a squall line, though some of them do. 

 Air mass storms preferably develop in the afternoon. The onset time of first shallow clouds 
and the development of deep convective clouds can be forecasted by standard meteorological 
procedures. 

 Moderate mid-level shear enhances the storm strength, while too strong shear and no-shear 
environments are more likely related to weak storms 

 Long-lived storms are linked to the renewal and generation of new cells immediately ahead of 
a mature cell. 

 Storms embedded in a cold front are out of scope of this study as they can be forecasted very 
well by synoptic forecasts of low pressure systems. 

 The structure of the environmental temperature profile (temp) allows deriving certain features 
of the storm. Maritime dominated storms reveal a temp close to the moist-adiabatic implying 
weak updrafts, while continental storms exhibit more potential energy to be released. The 
latter is defined by the area between moist adiabatic and the temperature profile. 

 Environmental characteristics are used to derive empirically a range of convective indices. 

Important to note is that the above characteristics are necessary conditions, but they do not allow the 
forecast of the precise location and onset. Convective storms need a trigger mechanism. In order to 
precisely forecast a storm, we therefore need to forecast the trigger mechanisms like e.g. boundary 
convergence lines, tropospheric gravity waves, mountains or surface temperature inhomogeneity. 

From the above we conclude that we need an indicator to describe the necessary precondition for the 
potential development of convection and an indicator that comprises the essential activator in order 
to develop a storm, which has to be avoided by aircraft. As described below this will be done by using 
a combination of two convection indicators Total Totals Index and Convective Precipitation, which are 
available by the EPSs. When both indicators exceed certain thresholds for a high number of EPS 
members, the grid point is assumed to lie within the zone of high probability (low uncertainty) of 
convection, which can be interpreted as a no-fly-zone. If only one criterion is fulfilled for a high number 
of EPS members the grid point is located in a region of convective uncertainty. The boundary of 
uncertainty areas will delimit convective regions. 

Those convective areas may have a persistence or lifetime of up to 60 hours. Carbone et al. [62] and 
previous studies investigated precipitation episodes and found much longer life times of those 
episodes, respectively travelling convective regions, than those of the individual storms developing 
within. Here we pursue similar thoughts. Convective regions are perceived as areas with a high weather 
risk, the latter given by always occurring and unpredictable individual storms. Convective regions, 
therefore, must not necessarily be avoided but require a higher weather situation awareness by pilots 
and controllers. Also, trajectories passing through a convective area are subject to diversions resulting 
in increased flight duration and delays. Thus the intersection of a trajectory with a convective region 
does not imply, as already said above, that the whole area has to be circumnavigated, but rather that 
delays have to be expected. The dimension of the latter depends, among other factors, on the type of 
storms embedded in the convective area, density of cells, their orientation, the size of gaps separating 
the storms and the time of onset. 

As said above we decided to combine two indicators for convection: Total Totals Index and Convective 
Precipitation. 
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3.3.2 Total Totals Index 

The Total Totals Index (TT)3 is the sum of two indices: the vertical totals (VT ) VT = T850 −T500 

(temperature gradient between 850 hPa and 500 hPa) and the cross totals (CT ) CT  = Td850  − T500  

considering the moisture content between 850 hPa and 500 hPa by subtracting the temperature in 
500 hPa from dew point temperature in 850 hPa. 

As a result, TT accounts for both static stability and 850 hPa moisture, but would be unrepresentative 
in situations where the low-level moisture resides below the 850 hPa level. In addition, convection 
may be inhibited despite a high TT value if a significant capping inversion is present. VT = 40 is close to 
dry adiabatic for the 850-500 hPa layer. However, VT generally will be much less, with values around 
26 or more, representing sufficient static instability (without regard to   moisture) for thunderstorm 
occurrence. CT > 18 often is necessary for convection, but it is the combined Total Totals Index that is 
most important. The risk of severe weather activity is operationally defined as follows (see also [63]): 

• 44-45: isolated moderate thunderstorms 

• 46-47: scattered moderate / few heavy thunderstorms 

• 48-49: scattered moderate / few heavy / isolated severe thunderstorms 

• 50-51: scattered heavy / few severe thunderstorms and isolated tornadoes 

• 52-55: scattered to numerous heavy / few to scattered severe thunderstorm / few tornadoes 

• >55: numerous heavy / scattered severe thunderstorms and scattered tornadoes 

 

3.3.3 Convective Precipitation 

The Convective Precipitation4 (CP) is an estimation of the precipitation coming from convective clouds. 
The total precipitation is the sum of the so-called large-scale precipitation and the convective 
precipitation. 

The moist convection scheme is based on the mass-flux approach and represents deep (including 
cumulus congestus), shallow and mid-level (elevated moist layers) convection. The distinction between 
deep and shallow convection is made on the basis of the cloud depth (200 hPa for shallow). For deep 
convection the mass-flux is determined by assuming that convection removes Convective Available 
Potential Energy (CAPE) over a given time scale. The intensity of shallow convection is based on the 
budget of the moist static energy, i.e. the convective flux at cloud base equals the contribution of all 
other physical processes when integrated over the sub-cloud layer. Finally, mid-level convection can 
occur for elevated moist layers, and its mass flux is set according to the large-scale vertical velocity. 
The scheme, originally described in Tiedtke [64], has evolved over time and amongst many changes 
includes a modified entrainment formulation leading to an improved representation of tropical 

                                                           

 

3  attributable to National Weather Service Louisville, KY: http://www.weather.gov/lmk/indices, accessed July 25, 2016. 

4 ECMWF, Reading, UK, accessed July 25, 2016: http://www.ecmwf.int/en/research/modelling-and-prediction/atmospheric-physics. 
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variability of convection [65], and a modified CAPE closure leading to a significantly improved diurnal 
cycle of convection [66]. 

 

3.3.4 Calculation of Probability of Convection/Clear Air 

In order to fulfil the desired requirements, the following data processing for convection will be 
provided which can be applied individually or in a processing chain: 

 Grid-based output of the Total Totals Index and the Convective Precipitation: Using the 
ECMWF-ENS data, both convective indicators, TT and CP are given. The results of this workflow 
are the TT and CP for each member at the horizontal nodes of the desired sub-grid. 

 Ensemble-based probability of convection / clear air for each grid point: With regard to flight 
trajectories it is important to delimit regions of uncertain weather conditions from regions 
where the forecast is more reliable. Convective regions of high uncertainty can then be defined 
as those areas where neither convection nor clear air can be safely predicted. So, the 
calculation of two quantities is suggested: 

– Probability of convection 

– Probability of clear air 

Probability of convection: The ensemble-based probability of convection is the fraction of ensemble 
members with values above the given thresholds TTH and cpH for all TT and cp of the ensemble 
members. For TTH we suggest one of the threshold values given in the list above. For cpH we suggest 
0; which means that any given amount of convective precipitation originates from convective events: 

N

N
p c

c     with 



N

i

c iN
1

, where )()( HiHi cpcpTTTT   

    and N : Number of ensemble members. 

High percentage in probability cp  can be interpreted as convection with low uncertainty.  

Probability of clear air: Analogously, we suggest a second value that can show regions of clear air 
with low uncertainty: 

N

N
p nc

nc     with 



N

i

nc iN
1

, where )()( HiHi cpcpTTTT   

   and N : Number of ensemble members. 

 

Considering both values cp  and ncp  at each grid node we are able to divide the focused area into 3 

zones (see Figure 3.4 for an schematic):   

1. Convective zones i.e. high-risk areas with low uncertainty, 

2. Clear air zones with low uncertainty, 

3. Zones with high uncertainty of the predicted weather conditions. 
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Figure 3.4: Schematic illustration of the suggested classification of the focused area into 3 different zones: clear 
air (white), high-risk areas (pink) and uncertainty (grey). 

High-risk areas for each ensemble member:  In order to get high-risk areas where each zone is based 

on the individual prediction of a single ensemble member, we look at the forecasted values of iTT  

and icp  at each horizontal grid node. In analogy to the ensemble-base probability of convection, we 

define a high-risk area for an ensemble member i as an area where the following condition is fulfilled 
at each grid point: 

  )()( HiHi cpcpTTTT  . 

That means that a high-risk area is delimited by the regions of low uncertainty that include the 
regions of high probability of convection. 

As the Total Totals Index is a smooth field, we suppose that we get clear structures of convective zones 
as well. Otherwise morphological operations can be applied to the generated field in order to eliminate 
unreliable singularities in the convective zones. 

 

3.4 Wind Modelling 

EPS’s are processed in WP2, which provides wind data (and its associated uncertainty) in a tabular way. 
However, in order wind to be introduced in an optimal control formulation, we need twice derivable 
functions (Class C2) functions. Thus, WP2’s input to WP4 needs additional modelling. This is precisely 
what is tackled in the sequel of this Chapter.  

We compute optimal trajectories for the weather forecasts belonging to an Ensemble Prediction 
System. We study the sensitivity of the optimal trajectory to uncertainties in wind prediction as 
represented by the ensemble of weather realizations. We use a direct method (the Radau 
Pseudospectral Method [67]) coupled with a more accurate regional polynomial approximation of the 
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wind field and an initialization procedure in order to design accurate optimal trajectories. We then 
apply this methodology to the members of a meteorological ensemble forecast in order to study the 
sensitivity of trajectory optimization to weather prediction uncertainties. 

 

3.4.1 Methodology for Regional Wind Approximation 

Our methodology, sketched in Figure 3.5, it is composed by four steps: 

1. Use a global polynomial approximation of the wind field to generate an approximate optimal 
trajectory (called the reference trajectory) solving the optimal control problem using a direct 
method, e.g., a Radau Pseudospectral Method (RPM). 

2. Use the reference trajectory to determine and divide an area of interest. 

3. Obtain a more accurate approximation of the wind field in the area of interest based on 
piecewise polynomials. 

4. Solve a multiphase optimal control problem using this approximation in order to get the final 
solution. 

Generation of the reference trajectory. We apply the RPM to the optimal control problem. In order 
to obtain an expression for 𝑤𝑥(𝜙, 𝜆) and 𝑤𝑦(𝜙, 𝜆) from the gridded wind forecast data, we resort to 

a global regression approach, typically employed in the literature. In order to approximate a field 
𝑢(𝜙, 𝜆) by the values on a grid of size 𝑁 × 𝑀 points on latitude and longitude, we define the 
approximating polynomial of degree 𝑛 as: 

𝑝𝑎(𝜙, 𝜆) = ∑ 𝑎𝑖𝑗𝑖+𝑗≤𝑛; 𝑖,𝑗≥0 𝜙𝑖𝜆𝑗          (3.4) 

 

We compute the coefficients aij by solving the least squares problem: 

min
𝑎𝑖𝑗∈ℝ

∑ ∑ (𝑀
𝑙=1

𝑁
𝑘=1 𝑝𝑎(𝜙𝑘 , 𝜆𝑙) − 𝑢𝑘𝑙)

2, 

where the indexes k and l go over the latitude-longitude grid and ukl is the value of the forecast at 

the point with latitude k and longitude l. This analysis can be performed with standard linear 

regression procedures (see [68] for numerical considerations). 
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Figure 3.5: Region generation procedure 

 

Determination of the area of interest. In order to identify an area of interest around the reference 
trajectory where we will look for the definitive solution, we use the following procedure (see Figure 
3.5): 

1. Subdivide the reference trajectory in 𝑁𝑟𝑒𝑔 segments of equal transit time. 

2. Extend a segment of length 𝛿 degrees at each side of the subdivisions in direction perpendicular 
to the heading at the division point. 

3. Connect the edges of the segments to generate the sequence of regions. 

Calculation of the regional approximation. We now seek to compute an approximation of the wind 
field in this area of interest. We consider again an approximating polynomial for each region: 

𝑝𝑎,𝑠(𝜙, 𝜆) = ∑ 𝑎𝑠,𝑖𝑗𝑖+𝑗≤𝑛; 𝑖,𝑗≥0 𝜙𝑖𝜆𝑗            (3.5) 

where 𝑠 denotes the index of the region. The new least-squares problem is: 

min
𝑎𝑠,𝑖𝑗∈ℝ

∑ ∑ ∑ (𝑀
𝑙=1

𝑁
𝑘=1

𝑁𝑟𝑒𝑔𝑖𝑜𝑛𝑠

𝑠=1 𝑝𝑎,𝑠(𝜙𝑘𝑙,𝑠, 𝜆𝑘𝑙,𝑠) − 𝑢𝑘𝑙,𝑠)
2         (3.6) 
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where the points (𝜙𝑘𝑙,𝑠, 𝜆𝑘𝑙,𝑠) are generated by applying to a rectangular, equispaced grid on [0,1] ×

[0,1] the affine transformation 𝑇𝑠: ℝ
2 → ℝ2 such that 𝑇𝑠([0,1] × [0,1]) = 𝑅𝑠, where 𝑅𝑠 ⊂ ℝ2 denotes 

the region number 𝑠. The values 𝑢𝑘𝑙,𝑠 are generated by sampling a cubic spline interpolant of the 

original grid values at this new grid. 

We also add continuity and differentiability requirements at the boundaries between regions. Consider 
the boundary between region 𝑠 and region 𝑠 + 1 and parametrize it by 𝜉𝑠 ∈ [0,1] by building the affine 
transformations (𝜙𝑠(𝜉𝑠), 𝜆𝑠(𝜉𝑠)). By composition, we can build the polynomials: 

𝑏𝑎,𝑠(𝜉𝑠) = 𝑝𝑎,𝑠(𝜙𝑠(𝜉𝑠), 𝜆𝑠(𝜉𝑠)) 

𝑏𝑎,𝑠+1(𝜉𝑠) = 𝑝𝑎,𝑠+1(𝜙𝑠(𝜉𝑠), 𝜆𝑠(𝜉𝑠)) 

that represent the value of the field approximation at the boundaries at each one of the adjacent 
regions. By construction, both 𝑏𝑠 and 𝑏𝑠+1 are polynomials of degree 𝑛 in 𝜉𝑠 (check Eq. (3.5)); 
therefore, by equating them at 𝑛 + 1 points, we can guarantee that they are equal. We choose 𝑛 + 1 
equispaced points along the boundary, {𝜉𝑠,𝑚} (𝑚 ∈ {0,… , 𝑛}, and augment problem (3.6) with the 
equality constraints 𝑏𝑎,𝑠(𝜉𝑠,𝑚) = 𝑏𝑎,𝑠+1(𝜉𝑠,𝑚). Note that these are constraints on the value of the 

coefficients 𝑎, which are the decision variables for this problem. This constraints guarantee continuity 
between regions. 

In order to deal with differentiability constraints, we similarly define the polynomials: 

𝑏𝑎,𝑠
𝑞,𝑟

(𝜉𝑠) =
𝜕𝑞

𝜕𝜙𝑞

𝜕𝑟

𝜕𝜆𝑟
𝑝𝑎,𝑠(𝜙𝑠(𝜉𝑠), 𝜆𝑠(𝜉𝑠)) 

𝑏𝑎,𝑠+1
𝑞,𝑟

(𝜉𝑠) =
𝜕𝑞

𝜕𝜙𝑞

𝜕𝑟

𝜕𝜆𝑟
𝑝𝑎,𝑠+1(𝜙𝑠(𝜉𝑠), 𝜆𝑠(𝜉𝑠)) 

where 𝑞, 𝑟 ≥ 0 are the orders of the differentiability constraints. The degree of this polynomial on 𝜉 is 

𝑛 − 𝑞 − 𝑟, so we only need to equate 𝑏𝑎,𝑠
𝑞,𝑟

 and 𝑏𝑎,𝑠+1
𝑞,𝑟

 in 𝑛 + 1 − 𝑞 − 𝑟 points in order to enforce 

differentiability across boundary. 

Multiphase optimization stage. We divide the single-phase optimal control problem into a multiphase 
optimal control problem such that each phase covers the segment of the trajectory that takes place 
within each region. We apply the RPM to this new problem, using the reference trajectory to initialize 
the new problem. Both the formulation and the method are analogous to the single-phase case, with 
continuity constraints between each phase replacing initial and final conditions for the inner phases 
(see [69] for details). We finally add constraints on latitude and longitude to ensure that each phase 
takes place in the corresponding region. 

This formulation has several advantages with respect to a single-stage formulation based on 
interpolation instead of regression: 

 The differentiation matrix of a multiphase is sparse, compared to the dense differentiation 
matrix of a single-phase problem, thus leading to faster iterations if the NLP software takes 
advantage of this sparsity 

 The wind field is completely smooth within each phase, while an interpolation scheme 
introduces points of limited smoothness at the grid. This phenomenon would cause a small 
degradation of accuracy with pseudospectral methods [70]. 

 This method can be extended to exclude “no-fly” zones from the solution trajectory, by 
creating regions that lie outside these zones. 
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3.5 Case Study 

We will apply the methodology to a hypothetical flight across the North Atlantic, from the vertical of 
Paris to the vertical of New York. The aircraft is an Airbus A330 flying at an altitude of 11 km with an 
initial mass of 200000 Kg. We use the wind forecast at 6 hours in advance for March 1, 2015 

All the computations have been performed in a 16 GB RAM Linux workstation with an Intel i7-3770 at 
3.40 GHz processor. The software stack is based on Python, NumPy, SciPy, Pyomo [71] for the NLP 
interface, and IPOPT [72] for the NLP algorithm, among other libraries. As summarized in Table 3.1, 
most trajectories are computed in less than a second, while some of them require several seconds. 

 

Table 3.1: CPU computation times for the ensemble members 

 

 

Figure 3.6: Forecasted North Atlantic temperature and wind at the 250 mbar pressure level on March 1, 2015 for the 
first ensemble member. 
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Figure 3.7: Eastbound component of forecasted wind at the 250 mbar pressure level on March 1, 2015 for the first 
ensemble member. Dots correspond to raw data and the surface corresponds to the regional approximation described in 

Section 3.4.1. 

3.5.1 Results and Discussion 

Figure 3.7 shows a surface plot of the wind field as approximated by a regional regression approach. 
We have chosen a number of regions Nreg of 8 regions, and a region width of δ = 5 degrees. Figures 
3.8 and 3.9 display the approximation error of the global and regional regression approaches, 
measured in a band of ± 3 deg around the reference trajectory. A significant improvement can be 
observed in both measures, thus justifying the advantages of our approach and increasing our 
confidence on the accuracy of the computed trajectory. 

Figure 3.12 displays the velocity and throttle profiles of the optimal trajectories. The airspeed profile 
loosely follows the well-known descending profile corresponding to the singular arc of the cruise [38]: 
as the mass decreases, so does the optimal airspeed. Some higher-frequency features can be observed, 
such as the optimal airspeed increasing with the strength of the headwind. 

The spread of the airspeed profiles is low, which suggest that the spread in wind strengths is not wide 
enough to generate significant differences in airspeed between members and manifests primarily in a 
spread in ground speed profiles and geographical paths, which are shown in Figures 3.10 and 3.11). It 
can be observed in those figures that the optimal trajectory tries to either avoid or hug the jet stream, 
depending on the direction of flight. 

Finally, a scatterplot of flight times and fuel consumption numbers is shown in Figure 3.13. A positive 
correlation can be observed, which is an expected result since the additional flight time induced by the 
worse meteorological conditions generates an increase in fuel consumption. Ref. [45] finds that, for a 
six hours lead time such as ours, the standard deviation of flight times with a fixed flight plan   is around 
0.8 min, implying a 95% range of around 3 min. The range in optimal flight times in our results is around 
3 minutes too, thus suggesting some degree of similarity between the sensitivities of fixed flight plans 
and optimal flights plans to meteorological uncertainty. 
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Figure 3.8: Polynomial approximation accuracy in L2 (RMS) norm 

 

 

Figure 3.9: Polynomial approximation accuracy in L∞ (maximum) norm 
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Figure 3.10: Paris to New York trajectories 

 

 

Figure 3.11: New York to Paris trajectories 
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Figure 3.12: State-space trajectory 

 

 

Figure 3.13: Final times and consumptions for the different members of the ensemble 
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4. Robust Trajectory Optimization 

In this chapter we present the methodology for robust trajectory planning at pre-tactical level (mid-
term planning; in this context, around 3 hours before departure). To that end, we make use of 
Ensemble Prediction Systems and optimal control techniques. This methodology will be used in later 
sections for solving two cases studies with the aim at illustrating its applicability.  
 

4.1 Robust Optimal Control methodology 

The class of dynamical systems that we will consider is what [73] call a tychastic dynamical system. We 

denote the state vector by x ∈ Rn, the control vector by u ∈Rm, t∈R is the independent variable 

(usually time) and the uncertain parameters are a continuous constant random variable constant 

random variable 𝛏: 𝛺 → ℝ𝑞. The dynamics of the system are given by the function f: Rn × Rm × Rq × R → 

Rm, such that: 

  
𝑑

𝑑𝑡
𝐱(𝜔, 𝑡) = 𝑓(𝐱(𝜔, 𝑡), 𝐮(𝜔, 𝑡), 𝛏(𝜔), 𝑡)                                      (4.1) 

where 𝜔 ∈ 𝛺 is the sample point on the underlying abstract probability space. Thus, for each possible 
realization of the random variable 𝜉(𝜔), the trajectory will follow a deterministic differential 
equation5. To emphasize the dependence of the trajectories on the random variables, we will use the 
notation 𝐱(𝜔, 𝑡) and 𝐮(𝜔, 𝑡). 

In order to fully determine the trajectory, we’ll need a control or guidance law in addition to the 
realization of the uncertain parameters 𝜉. We will discuss this topic in Section 4.1.3. Consider, 
meanwhile, a general control law 𝐮(𝜔, 𝑡) = 𝐮𝐿(𝑡, 𝐱(𝜔, 𝑡)) 

 

4.1.1 Stochastic Quadrature Rules 

The first component of this methodology is a stochastic quadrature rule: a finite set of quadrature 

points {ξk}, k ∈ {1, . . , N}, and weights {wk}, k ∈ {1, . . , N}, such that we can build an approximation 

to the stochastic integral with the stochastic integral I = ∫ g
a

Ω
(ξ(ω))dω with the sum: 

                                                           

 

5 Note that, despite the similarity in notation, this is not a stochastic differential equation because the random parameters are not 
random processes, i.e., are constant. 
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𝑄𝑔 = ∑ 𝑤𝑘

𝑁

𝑘=1

𝑔(𝜉𝑘) 

where g(ξ) is an arbitrary function. Basic statistical quantities, such as averages and variances, can be 
obtained with this integral by the corresponding function choices. There are a number of approaches 
with different approximation techniques that can provide a stochastic quadrature rule: 
 
Monte Carlo methods wk=N^(-1) and ξk are randomly sampled from the probability distribution. Under 

mild assumptions on g, the approximation error of the integral converges at an 𝒪(1/√𝑁)rate. This is 
usually too slow for our purposes as we would like to use as few points as possible in order to reduce 
the size of the problem; it is, however, independent of the dimension of ξ. 
 
Quasi-Monte Carlo methods replace random sampling by deterministic low-discrepancy sequences 
that sample the outcome space in a more even manner [74]. For certain problems, a rate of 
convergence of 𝒪(1/𝑁) (faster than Monte Carlo) is observed; several explanations have been 
advanced in the literature [75][76][77].  
 
Cubature techniques are high-dimensional analogues of regular one-dimensional quadrature rules 
that look for exact approximation of certain classes of functions. A compilation of cubature rules can 
be found in [78] and [79]. In [73], a “Hyper-Pseudospectral” cubature is developed specifically for 
robust optimal control problems.  
 
Generalized Polynomial Chaos (gPC) methods rely on the expansion of the random inputs and outputs 
on an orthogonal polynomial basis, thus allowing for recovery of some statistical quantities directly 
from the expansion coefficients [80] [81]. The stochastic collocation of gPC variant is the form we’re 
interested in, as it characterizes the solution as an interpolant at the set of nodes {ξk}. It is efficient for 
problems with low-dimensional random variables [82], but the number of required nodes grows 
quickly with the dimension even when using higher-efficiency sparse grids [83] 
 
In this work, we don’t need a stochastic quadrature rule because the uncertainty information is already 
presented in discrete scenarios (that we weigh equally) from EPS forecasts; however, integrating other 
sources of uncertainty in future work may require the usage of a stochastic quadrature rule. 
 

4.1.2 The Trajectory Ensemble 

Given a quadrature rule and a given number of samples N, we define the trajectory ensemble 

associated to a control law uL and a stopping criterion s as the set of trajectories {(𝑡𝑓 , 𝑘,  𝐱𝑘, 𝐮𝑘)} with k 

∈ {1,…, N} such that the trajectory k is generated by the control and stopping rules with ξ = ξk    and 

the stopping criterion is met at t = 𝑡𝑓𝑘, i.e. 

𝑑

𝑑𝑡
𝐱𝑘(𝑡) = 𝑓(𝐱𝑘(𝑡), 𝐮𝐿(𝑡, 𝐱𝑘(𝑡)), 𝛏𝑘(𝜔), 𝑡)

𝑠(𝑡, 𝐱𝑘(𝑡)) < 0, ∀𝑡 < 𝑡𝑓
𝑠(𝑡𝑓,𝑘 , 𝐱𝑘(𝑡𝑓,𝑘)) = 0
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We consider a virtual dynamical system whose state vector contains the state vectors of all the 
trajectories in the trajectory ensemble, which evolve each according to the dynamics in each scenario 
(i.e. for each value ξk of ξ). Using this trajectory ensemble, the robust optimal control problem can be 
reformulated as a large deterministic OCP, where the N trajectories are considered simultaneously.  
 

4.1.3 The “State-Tracking” ROCP  

In previous literature employing this approach (see [73], [51], [52] or [53]), the control law is 
considered as only dependant on time u(ω, t) = uL(t), thus leading to an “open-loop” control scheme. 

This “open-loop” formulation is, however, not a practical scheme for general optimal control problems. 
In some problems, the dynamic system could be unstable and the trajectories would diverge towards 
undesirable regions of the state space; in other (as the one we face in commercial aircraft trajectory 
optimization), we need to apply final conditions and/or have a unique path for some of the states. 
 
Instead of looking for an optimal control, then, we will look for an optimal guidance; we designate 

some of the states as “tracked” states and we replace the unique controls uL(t) that are applied 

identically in all scenarios by scenario-specific controls uk(t) that ensure that the tracked states follow 
a unique trajectory for all likely values of the random variables (as long as it is feasible within the 
dynamics and constraints of the problem). In a real-world implementation, where the realized 
uncertainty would generally be a mix of the discrete scenarios that we are considering, we assume that 
existing controllers can compute the controls in order to track the calculated trajectory. In our context, 
the controls can be computed by the autopilot in order for the aircraft to follow a route at the 
calculated airspeeds and altitudes.  

Let {i1, . . . , iq} be the indexes of the states we are interested in tracking (e.g. if we are tracking x2 and 
x5, i1 = 2 and i2 = 5). Let ei be the column vector that has a 1 at the position i; we define the matrix E ∈ 

Rq×n  as: 

𝐸 = [

𝑒𝑖1
𝑇

⋮
𝑒𝑖𝑞

𝑇
] 

We define the problem as: 

min  𝐽 = 𝔼 [𝜙(𝐱𝐟) + ∫𝑡0

𝑡𝑓ℒ(𝐱(𝜔, 𝑡), 𝑢(𝜔, 𝑡), 𝑡)𝑑𝑡], 

being 𝔼 the statistical expectation. 

Subject to the differential equations, the state-tracking condition: 

𝐸(𝐱(𝜔1, 𝑡) − 𝐱(𝜔2, 𝑡)) = 0, ∀𝑡, ∀𝜔1, 𝜔2 ∈ 𝛺 

the stopping rule  

𝑠(𝑡, 𝐱(𝑡)) = 𝑡 − 𝑡𝑓 

and the boundary conditions: 

𝐱(𝜔, 𝑡0) = 𝐱0 

𝔼[𝜓(𝐱(𝜔, 𝑡𝑓))] = 0 
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where 𝜓 is the function that represents the final conditions. As emphasized earlier, the controls are 
no longer unique as in the open-loop problem; they depend on the realization of 𝜉(𝜔). Here, the final 
conditions that depend only on the tracked states and the final time can be imposed exactly and not 
only in average.  

 

The corresponding discretization is 

min𝐽 = ∑ 𝑤𝑘

𝑁

𝑘=1

[𝜙(𝐱𝑘(𝑡𝑓)) + ∫𝑡0

𝑡𝑓ℒ(𝐱𝑘(𝑡), 𝐮𝑘(𝑡), 𝑡)𝑑𝑡] 

subject to: 

�̇�𝑘 = 𝑓(𝐱𝑘(𝑡), 𝐮𝑘(𝑡), 𝛏𝑘 , 𝑡), 𝑘 ∈ {1,… ,𝑁}
𝐱𝑘(𝑡0) = 𝐱0, 𝑘 ∈ {1,… ,𝑁}

𝐸(𝐱𝑘(𝑡) − 𝐱1(𝑡)) = 0, ∀𝑘 ∈ {2,… ,𝑁}

∑ 𝑤𝑘

𝑁

𝑘=1

𝜓(𝐱𝑘(𝑡𝑓)) = 0
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5. Robust Trajectory Optimization 
considering Uncertain Winds 

In this Chapter we apply the methodology described in Chapter 4 to solve a robust trajectory planning 
problem in which wind is considered as the only source of uncertainty. Notice then that Convection is 
herein not considered. Results included in the Chapter were presented at 2016 SESAR Innovations Days 
Conference [84]. 

 

5.1 Case Study 

5.1.1 Description and Statement 

We consider a BADA3 A330 Aircraft model flying from the vertical of New York to the vertical of Lisbon 
at flight level FL380 and at Mach 0.82. Initial mass has been considered to be 200 tons. We use an 
ensemble forecast for a pressure of 200 hPa 6 hours in advance for the 20th of January 2016 by the 
European Center for Medium-Range Weather Forecasts (ECMWF). We rely on the Pyomo library as 
NLP interface [71] and IPOPT [72] as NLP solver. 

We formulate the problem as a robust trajectory planning problem as in Chapter 4. Wind input data 
are modelled as Class C2 functions (twice derivable functions) using the approach in Section 3.4. 

 

5.2 Application to Robust Aircraft Trajectory Planning  

We cannot apply the methodology described in Section 4.1 directly to the standard dynamical system 
that arises from this model. We would like to track the position variables, latitude and longitude, in 
order to generate a unique flight plan; however, under such a scheme, the trajectory in each scenario 
would have to adjust the airspeed in order to absorb the entirety of the uncertainty in wind speed. 
This is neither convenient not practical, as it would force the aircraft to choose inefficient airspeeds 
for some of the scenarios and limit the average airspeed to an undesirably low value in order to have 
margin for the most unfavourable scenarios. 

Instead, a conventional flight plan specifies a route and any velocity or airspeed changes6 are 
associated to specific waypoints, not points in time. Therefore, we will reformulate the dynamical 

                                                           

 

6 Again, the presented formulation does not feature airspeed or altitude changes but it will include them in the future 
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system so that the independent variable is not time, but distance flown along the trajectory, which we 
will denote by 𝑟 ∈  [0, 𝑟𝑓]. We will parametrize the route by 𝑟: denoting latitude by 𝜙 and longitude by 

𝜆, we define a route as a smooth mapping 𝑟 ↦  (𝜙(𝑟), 𝜆(𝑟)) that satisfies condition (5.1), needed to 
ensure that 𝑟 does indeed correspond to undistorted (ground) distance flown along the route: 

((𝑅𝑁 + ℎ)
𝑑𝜙

𝑑𝑟
)
2
+ ((𝑅𝑀 + ℎ)cos𝜙

𝑑𝜆

𝑑𝑟
)
2

= 1                       (5.1) 

where the radii of curvature of ellipsoid meridian and prime vertical are denoted by RM and RN, 
respectively. We can now track the position with respect to distance r instead of time t. 

For a given route and wind field, we can define a function t(r) that represents the time at which the 
aircraft flies through a position r in the route. Relying now on an EPS composed by N members, we will 
consider N scenarios and N trajectories such that each trajectory corresponds to the forecasted wind 
field for each member. We define ti(r) as the time at which the aircraft flies through the position r in 
the route if the wind field corresponds to the forecast for member number i. We will consider each 
member as equally likely and define average in this sense (as an empirical average). 

We now look to find routes that minimize a weighted sum of average flight time and flight time 
dispersion. By changing the relative weight of parameter p, we can obtain routes that are more 
efficient on average or routes that are more predictable. We will denote this parameter by p, where p 
= 0 means that we look for maximum average efficiency and higher values of p put more weight on 
dispersion, which we will define as the difference between the earliest and the latest arrival time. As 
we’re flying at constant airspeed and environmental conditions (except for wind), fuel burn is only 
dependent on flight time. 

We proceed to model this problem under the framework described in Section 4.1. For computational 
efficiency, we don’t include copies of the latitude and longitude states for each scenario, as they’re all 
equated by the state-tracking constraints. We will introduce the course χG and the member-specific 
headings χi and groundspeeds vG,i in order to build the system of differential-algebraic equations given 
by equations 6.2 and 6.3 that describe the dynamics of the problem. We complete the formulation of 
the optimal control problem by adding the cost functional 6.1 and the boundary conditions 6.4-6.7 
(note that wx,i denotes the Eastbound component of the wind for member i while wy,i denotes the 
Northbound component). 

In order to solve this problem, we rely on an initialization and wind approximation procedure described 
in [42]. We solve them with direct methods, discretizing the trajectory with a trapezoidal scheme and 
then solving the resulting nonlinear optimization problem with NLP software (see, for example, [85]). 
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5.2.1 Robust Optimal Control Statement  

 

The reader should notice that the true airspeed (also the barometric altitude) is assumed to be 

constant and thus, minimizing time is (though not formally speaking) somehow equivalent to minimizing 

fuel consumption. This is because the specific fuel consumption is only a function of airspeed 

(according to BADA modelling). Thus, we first minimize the average final time and fuel consumption is 

obtained afterwards integrating the following differential equation between the initial and the final 

time: 

ṁ = η(V ) · T, (5.9) 

where T=D (Thrust equal to Drag), being the Drag only a function of the mass with the assumptions 

considered herein (constant V and density, and a parabolic drag polar as in BADA 3). 
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5.2.2 Results and Discussion  

Figure 6.1 displays the geographical routes for different values of p. It can be seen that routes computed 

with higher p tend to avoid the high uncertainty zone in the Atlantic in order to increase predictability, 

at the cost of taking a more indirect route that is longer on average. 

Figure 6.2.a shows the evolution of the state and control variables along the average min-fuel-optimal 

trajectory (corresponding to p = 0, the black line in 6.1). It can be seen that the spread in the ensemble 
times, ensemble headings, and ensemble ground speeds increases markedly when the aircraft crosses 
the area of high uncertainty (that can be seen in Figure 6.1). Figure 6.2.b shows the evolution of the 

state and control variables along the average-most predictable trajectory (corresponding to p = 50, 
the yellow line in 6.1).  It can be seen that the spread in times and ground speeds are comparatively 
lower than in the previous case. In particular, we can see how the ensemble ground speeds and 
headings present much less dispersion. 

Finally, Figure 5.2 shows the trade-off frontier of the problem, obtained by solving problems with 
different penalties 𝑝 (from 𝑝 = 0 to 𝑝 = 50). For the minimum average fuel case (𝑝 = 0), the time 
dispersion at the final fix is above 4.5 minutes, whereas for the maximum predictability case (𝑝 = 50)7, 
the time dispersion at the final fix is slightly above 1.5 minutes. In other words, around three minutes 
reduction in time uncertainty could be achieved by flying the most predictable trajectory (𝑝 = 50). This 
would be however at roughly 2500 kg of extra fuel burnt. For example, the increase in predictability of 
about 1.25 minutes would result in 500 kg of extra fuel burnt. 

 

                                                           

 

7 Problems for greater 𝑝 values have been solved, but the trade-off frontier becomes very flat 
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Figure 5.1: Optimal trajectories from NY to Lisbon, for values of p from 0 to 50. Higher brightness in the trajectory color 

indicates higher values of p. We also color regions of higher uncertainty, which we have defined as √𝜎𝑢 + 𝜎𝑣 with σu being 

the standard deviation of the u component of wind across different members and σv analogous for the v-component. 

 

 

Figure 5.2: Trade-off between consumption and flight time dispersion. 
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Figure 5.3: State-space evolution in case p = 0 (left; min. consumption) and p = 50 (right; max. predictability). Time leads 
and lags are defined with respect to the average trajectory. 
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6. Robust Trajectory Optimization 
considering Uncertain Winds and 
Convection 

In the present chapter we extend the methodology for robust route optimization in Chapter 4 and 
results in Chapter 5 and [84] to the consideration of convection risk (as modelled in Section 3.3). The 
focus is on the pre-tactical level (mid-term planning; in this context, around 3 hours before departure). 
We make use of Ensemble Prediction Systems and robust optimal control. 

The term convective area is defined here as an area within which individual convective storms may 
develop, that is an area of potentially developing storms. The latter comprise individual storm cells, 
multi-cells, mesoscale convective complexes and squall lines. Convective storms need a trigger 
mechanism and the onset and the location of those individual storms is impossible to forecast at the 
flight planning level. Nevertheless, one can obtain forecasts with some characteristics that act as 
necessary conditions (however not sufficient) for the formation of storms, and that combined can 
provide a probability of convection, i.e., an indicator of convection risk, which can be used for robust 
trajectory planning. The flight route exposure to convective risk areas could somehow turned into 
additional expected delay due to, for instance, (tactical) ATFM regulations or ATC advisories to avoid 
developed storms. 

The case study presented in this Chapter has been included in a paper submitted to ATM Seminar 2017 
[86], which is now under revision. 

 

6.1 Application to Aircraft Robust Trajectory Optimization 

We now look to find routes that minimize a weighted sum of average fuel consumption, flight time 
dispersion (weighted with parameter dp as in dispersion penalty) and convection risk (weighted with 
parameter cp as convection penalty). By changing the relative weight of dp (assuming cp=0), we can 
obtain routes that are more efficient on average or routes that are more predictable. dp=0 means that 
we look for maximum average efficiency and higher values of dp put more weight on dispersion, which 
we will define as the difference between the earliest and the latest arrival time. By changing the 
relative weight of cp (assuming now dp=0), we can obtain routes that are more efficient on average or 
routes that are less risky in terms of convection (less probable to run into storms). Higher values of cp 
put more weight on convective risk, and thus solution would try to avoid them 

We proceed to model this problem under the framework described in Section 4.1. For computational 
efficiency, we don’t include copies of the latitude and longitude states for each scenario, as they’re all 
equated by the state-tracking constraints.  We will introduce the course χG and the member-specific 
headings χi and ground speeds vG,i in order to build the system of differential-algebraic equations given 
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by equations (6.2) and (6.3) that describes the dynamics of the problem. We complete the formulation 
of the optimal control problem by adding the cost functional 6.1 and the boundary conditions (6.4)-
(6.7) (note that wx,i denotes the zonal component of the wind for member i while wy,i denotes the 
meridional component). 

 

6.1.1 Robust Optimal Control Statement  

 

The same comment in Chapter 5 applies: the true airspeed is assumed to be constant (also the 
barometric altitude) and thus, minimizing time is (though not formally speaking) somehow equivalent 
to minimizing fuel consumption. 

In order to solve this problem, we rely on an initialization and wind approximation procedure described 
in [42]. We solve them with direct methods, discretizing the trajectory with a trapezoidal scheme and 
then solving the resulting nonlinear optimization problem with NLP software (see, for example, [85]). 
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6.2 Case Study 

6.2.1 Description and Statement  

We consider a BADA3 A330 Aircraft model flying from the vertical of New York (-73.7789 deg; 40.6397 
deg) to the vertical of Argel (3.2169 deg, 36.694 deg) at constant barometric altitude 200hPa and 
constant Mach number 0.82 (notice that temperature is assumed to follow ISA and thus the True 
Airspeed can be also considered constant). Initial mass has been considered to be 200 tons. An 
unstructured (free routing) airspace is assumed for the sake of illustration. We use a forecast for a 
pressure of 200 hPa 9 hours in advance for the 19th of December 2016 from the ECMWF ensemble, 
elaborated by the European Center for Medium-Range Weather Forecasts (ECMWF) with 51 members. 
We rely on the Pyomo library as NLP interface [71] and IPOPT [72] as NLP solver. 

 

6.2.2 Results and Discussion  

Figure 6.1 displays the geographical routes for different values of dp and cp. It can be seen that routes 

computed with higher dp (setting cp = 0) tend to avoid the high uncertainty zone in the Atlantic in order 

to increase predictability, at the cost of taking a more indirect route that is longer on average. It can be 

also observed that routes computed with higher cp (setting dp = 0) tend to reduce the exposure to 

convective risk zones, again at the cost of taking a more indirect route. Notice that the problem has 

been also solved for additional cp-dp pairs (including those with both values different than zero).  It is 

important to remark that the exposure to convective risk areas could somehow turned into additional 

expected delay due to, for instance, (tactical) ATFM regulations or ATC advisories to avoid developed 

storms. This (relate cp with dp) is however an open problem that we expect to face in the short term. 

Figure 6.2.a shows the evolution of the state and control variables along the average-min-fuel-optimal 

trajectory (corresponding to dp = 0 and cp = 0, the black line in 6.1). It can be seen that the spread in the 
ensemble times, ensemble headings, and ensemble ground speeds increases slightly when the aircraft 
crosses the area of high uncertainty in the middle of the North Atlantic (that can be seen in the left hand 
side Figures 6.1). Figure 6.2.b shows the evolution of the state and control variables along the average-

most predictable trajectory (corresponding to dp = 50 and cp = 0, the yellow line in the left hand side 
trajectories of Fig.6.1). The spread in times and ground speeds are comparatively lower than in the 
previous case. Figure 6.2.c shows the evolution of the state and control variables along the average-less 

convection exposure trajectory (corresponding to dp = 0 and cp = 0.03, the yellow line in the right 
hand side trajectories of Fig.6.1). In this case, minimizing time spread is not part of the objective and 
thus trajectories does not seek to avoid regions of wind uncertainty (this is why the time spread is 
rather high), but regions of convective risk (as it can be observed in Fig. 6.1). 

Finally, Figure 6.3 shows different multivariable relations, obtained by solving problems with different 
penalties dp (from dp = 0 to dp = 50) and cp (from cp = 0 and cp = 0.03). Indeed, Figure 6.3.a can be 
considered the trade-off frontier of the subproblem in which convective risk is not taken into 
consideration, i.e. cp = 0. Figure 6.3.b can be considered the trade-off frontier of the subproblem in 
which time dispersion is not taken into consideration, i.e. dp = 0. 
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Figure 6.3.b shows the relation between the same two variables (arrival time dispersion vs. fuel 
consumption) in the subproblem in which wind uncertainty is not taken into consideration, i.e. dp = 0. 
It can be seen how, in the former, time dispersion is systematically reduced as we increase dp. This is of 
course not the case when dp = 0 (Figure 6.3.b). Figure 6.3.c and 6.3.d present the different solutions 
for problems with different dp-cp pair values. Two solution branches can be readily observed. Please 
notice that the algorithm behaves consistently. Notice also that the left hand side curves in both figures 
correspond to the trade-offs in Figure 6.3.a and Figure 6.3.b. 

Finally, Figure 6.3.e and Figure 6.3.f represent the relation between flight time and fuel consumption, 
including average values, statistical variation ranges (crossplots), and realizations (scatter plot). The 
average values are linearly related because so are the variables in the dynamical model. Figure 6.3.e, 
which correspond to the subproblem with cp = 0, shows how the dispersion is reduced as we increase 
dp. On the contrary, Figure 6.3.f, which correspond to the subproblem with dp = 0, does not show that 
behaviour (as expected). 

Now, we try to provide some quantitative indicators: For the minimum average fuel case (dp = 0), the 
time dispersion at the final fix is above 2 minutes, whereas for the maximum predictability case (dp = 
50), the time dispersion at the final fix is slightly below 1.25 minutes. In other words, around one minute 
reduction in time uncertainty could be achieved by flying the most predictable trajectory (dp = 50). 
This would be however at roughly 1500 kg of extra fuel burnt. Taking another point of the trade-off 
frontier (again of the subproblem with cp = 0), the increase in predictability of about 0.75 minutes 
would result in 750 kg of fuel consumption. In any case, the trade-off frontier shows different possible 
solutions with trade-offs dispersion-consumption. Notice however that these numbers correspond to 
this particular case (route, day, and weather forecasts). Further studies should assess quantitative 
values in a more systematic fashion. 
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Figure 6.1: Optimal trajectories for different values of dp and cp. Higher brightness in the trajectory color indicate higher 
values of the penalty.  Top figures depict the set of trajectories over a map with color regions of higher uncertainty, which 

we have defined as √𝜎𝑢 + 𝜎𝑣 , with σu being the standard deviation of the u component of wind across different members 

and σv analogous for the v-component. Down figures depict the set of trajectories over a map with color regions of higher 
convective risk. Left trajectories are for varying values of dp (from 0 to 50) with cp = 0. Right trajectories are for varying 
values of cp (from 0 to 0.03) with dp = 0. 
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Figure 6.2: State-space evolution of the variables. Time leads and lags are defined with respect to the average trajectory. 
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Figure 6.3: Variable relations in the problem: a) and b) trade-off of the subproblems with cp = 0 and dp = 0; c) and d) 
relations between dispersion, consumption and convection risk, for varying cp and dp; e) and f) Fuel Vs. Time, including its 
dispersions. 
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7. Concluding Remarks 

The following conclusions can be drawn: 

 We have presented a novel methodology to model wind tabular data in such a way that can 
be introduced in optimal control formulations (in which twice differentiable functions are 
needed to guarantee local optimality). This methodology has demonstrated to substantially 
reduce wind-modelling errors when compared to canonical approaches, e.g., global regression 
analysis. According to the case study presented in Chapter 3 (see Figure 3.10), our 
methodology reaches a standard deviation error below 2 m/s (in wind speed values) when 
comparing raw data and our fitting function. Existing approaches, e.g., global regression 
analysis, might double this error. A systematic analysis (on different days and meteorological 
circumstances) and its impact on calculated trajectories should be done to quantitatively 
assess the improvements that we are now claiming based on an example. This however lies 
out of the scope of TBO-Met and remains and future task. 

 We have introduced a robust optimal control methodology for computing robust optimal 
routes based on Ensemble Prediction Systems and demonstrated its utility in studying trade-
offs between efficient and predictable routes. We can conclude that by using this method, 
uncertainty (in this case due to wind and/or exposure to convective risk) cannot only be 
quantified, but also reduced by proposing alternative trajectories. Notice that what we have 
herein termed as convective risk (or exposure to convection) should be turned into additional 
delay. This is however an open task. 

 We have applied the above-mentioned methodology to a case study in which wind in 
considered the only source of uncertainty. See Chapter 5 and please refer to Figures 5.1-5.3. 
Figure 5.2 shows the trade-off frontier of the problem, obtained by solving problems with 
different penalties p (from p = 0 to p = 50). For the minimum average fuel case (p = 0), the time 
dispersion at the final fix is above 4.5 minutes, whereas for the maximum predictability case 
(p = 50), the time dispersion at the final fix is slightly above 1.5 minutes. In other words, around 
three minutes reduction in time uncertainty could be achieved by flying the most predictable 
trajectory (p = 50). This would be however at roughly 2500 kg of extra fuel burnt. Something 
more realistic would be the increase in predictability of about 1.25 minutes, which would result 
in 500 kg of fuel consumption. In any case, the trade-off frontier (Figure 5.2) shows different 
possible solutions with trade-offs dispersion-consumption. 

 We have applied the above-mentioned methodology to a case study in which both wind and 
convective phenomena are considered the only sources of uncertainty. See Chapter 6 and 
please refer to Figures 6.1-6.3. It is important to remark that the exposure to convective risk 
areas could somehow turned into additional expected delay due to, for instance, (tactical) 
ATFM regulations or ATC advisories to avoid developed storms. This is however an open 
problem that we expect to face in the short term, and, consequently, at this point is difficult 
to quantify the effects. In any case, we have demonstrated that the algorithm works: Figure 



EDITION [00.01.00] 

 

 

50 
 

[©SESAR JOINT UNDERTAKING, 2016. Created by TBO-Met Project Consortium 
for the SESAR Joint Undertaking within the frame of the SESAR Programme co-
financed by the EU and EUROCONTROL. Reprint with approval of publisher and 
the source properly acknowledged. 

 

 
 

 

6.1 displays the geographical routes for different values of (dispersion penalty) dp and 
(convective penalty) cp. It can be seen that routes computed with higher dp (setting cp = 0) 
tend to avoid the high uncertainty zone in the Atlantic in order to increase predictability, at 
the cost of taking a more indirect route that is longer on average. It can be also observed that 
routes computed with higher cp (setting dp = 0) tend to reduce the exposure to convective risk 
zones, again at the cost of taking a more indirect route. Notice that the problem has been also 
solved for additional cp-dp pairs (including those with both values different than zero). 

All in all, these algorithms could be interesting for both flight dispatchers (demand side of the problem) 
and networks managers (capacity side) for the design of a more robust ATM system and, in turn, 
improve the ATM performance in terms of safety, capacity (delays), and environment. 

 

Future work 

Future activities within TBO-Met that are linked with the methodologies presented in D4.1 include: 

 Associated to Task 4.2 (and D.4.2): the avoidance of storms at the tactical level (short-term 
planning and execution). Trajectories calculated using the algorithms presented in D4.1 would 
be used as input for Task 4.2. Then, storms might be encountered and decisions to be taken 
lay at the tactical level (short-term planning and execution). 

 Associated to Task 4.3 (and thus D4.3): the validation exercises. Different scenarios will be 
validated via simulation. The algorithms herein presented will be used to calculate 4D 
trajectories at pre-tactical level (mid-term planning). This will be used as input for WP6 

 Associated to WP5: sector capacity analysis. Different 4D trajectories, including its associated 
uncertainty, will be used as input for the algorithms under development within WP5. The 
consideration of convection would be herein relevant to plan trajectories that might want to 
avoid areas of potential bad weather upon coordination with the Network Manager. 

Other extensions, which lay out of the scope of TBO-Met and represent some examples of the 
potentiality for further development, include: 

 Development of different spatial interpolation methods in order to transform wind tabular 
data into twice-differentiable functions to be included in robust optimal control formulations. 
Systematic analysis (on different days and meteorological circumstances) and its impact on 
calculated trajectories should be done to quantitatively assess the improvements that we are 
now claiming based on an example. 

 Inclusion of variable time in the weather forecasts. To that end, advanced time interpolation 
methods should be used. 

 Extension of the dynamical model to higher dimensions, considering variable speed profiles 
and/or vertical profiles. 

 Due to its inherent characteristics, the appearance of storms will only be made apparent to 
pilots/controllers at the tactical level (short-term planning and execution, typically 10 minutes 
to 1 hour before the encounter). Future work entails finding a metric to relate the above-
mentioned exposure to convective areas (measured in terms of convective risk) with 
additional fuel consumption and/or delay due to the encounter of storms. 



D4.1 EFFICIENCY/PREDICTABILITY TRADE-OFF OF 4D TRAJECTORIES AT PRE-TACTICAL 
LEVEL 

 
 

  

 

 

 

©SESAR JOINT UNDERTAKING, 2016. Created by TBO-Met Project Consortium 
for the SESAR Joint Undertaking within the frame of the SESAR Programme co-
financed by the EU and EUROCONTROL. Reprint with approval of publisher and 
the source properly acknowledged. 
 

51 
 

 
 
 

8. References 

 [1] D. Sacher, U. Gelhardt, A. Valenzuela, M. Soler, J. Simarro, and T. Hauf, “Requirements and 
Concept for EPS Processing. TBO-Met D2.1,” tech. rep., TBO-Met Consortium, 2016. 

[2] D. Sacher and U. Gelhardt, “Software Documentation for EPS Processing. TBO-Met D2.1,” tech. 
rep., TBO-Met Consortium, 2016. 

[3] “Tbo-met grant agreement. grant number 699294.” 

[4] “TBO-Met Consortium Agreement, 2015-01-21..” 

[5] D. Rivas, A. valenzuela, and A. Franco, “Project Management Plan. TBO-Met’s D1.1,” tech. rep., 
TBO-Met Consortium, 2016. 

[6] M. C. Bartholomew-Biggs, S. C. Parkhurst, and S. P. Wilson, “Using direct to solve an aircraft 
routing problem,” Computational Optimization and Applications, vol. 21, no. 3, pp. 311–323, 2002. 

[7] M. C. Bartholomew-Biggs, S. C. Parkhurst, and S. P. Wilson, “Global optimization approaches 
to an aircraft routing problem,” European Journal of Operational Research, vol. 146, no. 2, pp. 417–
431, 2003. 

[8] S. S. Altus, “Flight planning – the forgotten field in airline operations,” tech. rep., Jeppesen, 
2007. 

[9] “European atm master plan edition 2,” tech. rep., SESAR Joint Undertaking, 2012. 

[10] “Nextgen implementation plan,” tech. rep., Federal Aviation Administration, 2014. 

[11] J. W. Burrows, “Fuel optimal trajectory computation,” Journal of Aircraft, vol. 19, no. 4, 
pp. 324–329, 1982. 

[12] P. Menon, “Study of aircraft cruise,” Journal of Guidance, Control, and Dynamics, vol. 12, no. 5, 
pp. 631–639, 1989. 

[13] F. Neuman and E. Kreindler, “Minimum-fuel, three-dimensional flight paths for jet transports,” 
Journal of Guidance, Control, and Dynamics, vol. 8, no. 5, pp. 650–657, 1985. 

[14] D. M. Pargett and M. D. Ardema, “Flight path optimization at constant altitude,” Journal of 
guidance, control, and dynamics, vol. 30, no. 4, pp. 1197–1201, 2007. 

[15] A. Franco, D. Rivas, and A. Valenzuela, “Minimum-fuel cruise at constant altitude with fixed 
arrival time,” Journal of Guidance, Control, and Dynamics, vol. 33, no. 1, pp. 280–285, 2010. 



EDITION [00.01.00] 

 

 

52 
 

[©SESAR JOINT UNDERTAKING, 2016. Created by TBO-Met Project Consortium 
for the SESAR Joint Undertaking within the frame of the SESAR Programme co-
financed by the EU and EUROCONTROL. Reprint with approval of publisher and 
the source properly acknowledged. 

 

 
 

 

[16] A. Franco and D. Rivas, “Optimization of multiphase aircraft trajectories using hybrid optimal 
control,” Journal of Guidance, Control, and Dynamics, vol. 38, no. 3, pp. 452–467, 2015. 

[17] M. G. Wu and A. V. Sadovsky, “Minimum-cost aircraft descent trajectories with a constrained 
altitude profile,” 2015. 

[18] D. Wu and Y. Zhao, “Performances and sensitivities of optimal trajectory generation for air 
traffic control automation,” in Proceedings of, 2009. 

[19] A. Valenzuela and D. Rivas, “Optimization of aircraft cruise procedures using discrete 
trajectory patterns,” Journal of Aircraft, vol. 51, no. 5, pp. 1632–1640, 2014. 

[20] Y. Zhao, Efficient and robust aircraft landing trajectory optimization. PhD thesis, Georgia 
Institute of Technology, 2012. 

[21] E. Bakolas, Y. Zhao, and P. Tsiotras, “Initial guess generation for aircraft landing trajectory 
optimization,” in AIAA Guidance, Navigation, and Control Conference, pp. 8–11, AIAA Reston, VA, 
2011. 

[22] M. Soler, A. Olivares, and E. Staffetti, “Hybrid optimal control approach to commercial aircraft 
trajectory planning,” Journal of Guidance, Control, and Dynamics, vol. 33, no. 3, pp. 985–991, 2010. 

[23] P. Bonami, A. Olivares, M. Soler, and E. Staffetti, “Multiphase mixed-integer optimal control 
approach to aircraft trajectory optimization,” Journal of Guidance, Control, and Dynamics, vol. 36, 
no. 5, pp. 1267–1277, 2013. 

[24] M. Soler, B. Zou, and M. Hansen, “Flight trajectory design in the presence of contrails: 
Application of a multiphase mixed-integer optimal control approach,” Transportation Research Part C: 
Emerging Technologies, vol. 48, pp. 172–194, 2014. 

[25] S. Vilardaga and X. Prats, “Conflict free trajectory optimisation for complex departure 
procedures,” in Proc. of the 6th International Conference on Research in Air Transportation, 2014. 

[26] S. Vilardaga, X. Prats, D. Pengfei, and M. Uijt De Haag, “Conflict free trajectory optimisation 
with target tracking and conformance monitoring,” in Proc. of the 14th AIAA Aviation Technology, 
Integration and Operations Conference, 2014. 

[27] S. Vilardaga, X. Prats, et al., “Effects in fuel consumption of assigning rtas into 4d trajectory 
optimisation upon departures,” in  ATACCS 2013, 2013. 

[28] E. Zermelo, “Über das navigationsproblem bei ruhender oder veränderlicher windverteilung,” 
ZAMM-Journal of Applied Mathematics and Mechanics/Zeitschrift für Angewandte Mathematik und 
Mechanik, vol. 11, no. 2, pp. 114–124, 1931. 

[29] A. E. Bryson and Y.-C. Ho, Applied optimal control: optimization, estimation and control. CRC 
Press, 1975. 

[30] M. R. Jardin and A. E. Bryson, “Neighboring optimal aircraft guidance in winds,” Journal of 
Guidance, Control, and Dynamics, vol. 24, no. 4, pp. 710–715, 2001. 

[31] M. R. Jardin and A. E. Bryson, “Methods for computing minimum-time paths in strong winds,” 
Journal of Guidance, Control, and Dynamics, vol. 35, no. 1, pp. 165–171, 2012. 



D4.1 EFFICIENCY/PREDICTABILITY TRADE-OFF OF 4D TRAJECTORIES AT PRE-TACTICAL 
LEVEL 

 
 

  

 

 

 

©SESAR JOINT UNDERTAKING, 2016. Created by TBO-Met Project Consortium 
for the SESAR Joint Undertaking within the frame of the SESAR Programme co-
financed by the EU and EUROCONTROL. Reprint with approval of publisher and 
the source properly acknowledged. 
 

53 
 

 
 
 

[32] S. J. Bijlsma, “Optimal aircraft routing in general wind fields,”  Journal of Guidance, Control, 
and Dynamics, vol. 32, no. 3, pp. 1025–1029, 2009. 

[33] B. Sridhar, H. Ng, and N. Chen, “Aircraft trajectory optimization and contrails avoidance in the 
presence of winds,” Journal of Guidance, Control, and Dynamics, vol. 34, no. 5, pp. 1577–1584, 2011. 

[34] H. K. Ng, B. Sridhar, and S. Grabbe, “Optimizing aircraft trajectories with multiple cruise 
altitudes in the presence of winds,” Journal of Aerospace Information Systems, vol. 11, no. 1, pp. 35–
47, 2014. 

[35] B. Girardet, L. Lapasset, D. Delahaye, C. Rabut, and Y. Brenier, “Generating optimal aircraft 
trajectories with respect to weather conditions,” in  ISIATM 2013, 2nd International Conference on 
Interdisciplinary Science for Innovative Air Traffic Management, 2013. 

[36] B. Girardet, L. Lapasset, D. Delahaye, and C. Rabut, “Wind-optimal path planning: Application 
to aircraft trajectories,” in Control Automation Robotics & Vision (ICARCV), 2014 13th International 
Conference on, pp. 1403–1408, IEEE, 2014. 

[37] C. Kiss-Tóth and G. Takács, “A dynamic programming approach for 4d flight route 
optimization,” in Big Data (Big Data), 2014 IEEE International Conference on, pp. 24–28, IEEE, 2014. 

[38] A. Franco and D. Rivas, “Minimum-cost cruise at constant altitude of commercial aircraft 
including wind effects,” Journal of Guidance, Control, and Dynamics, vol. 34, no. 4, pp. 1253–1260, 
2011. 

[39] A. Franco and D. Rivas, “Analysis of optimal aircraft cruise with fixed arrival time including wind 
effects,” Aerospace Science and Technology, vol. 32, no. 1, pp. 212–222, 2014. 

[40] A. Valenzuela and D. Rivas, “Analysis of wind-shear effects on optimal aircraft cruise,” in Proc. 
of International Conferences on Research in Air Transportation (ICRAT), 2014. 

[41] M. Kamgarpour, M. Soler, C. J. Tomlin, A. Olivares, and J. Lygeros, “Hybrid optimal control for 
aircraft trajectory design with a variable sequence of modes,” in 18th IFAC World Congress, Italy, 2011. 

[42] D. Gonzalez-Arribas, M. Soler, and M. Sanjurjo-Rivo, “Wind-optimal cruise trajectories using 
pseudospectral methods and ensemble probabilistic forecasts,” in 5th International Conference on 
Application and Theory of Automation in Command and Control Systems, HALA, 2015. 

[43] R. S. F. Patrón, Y. Berrou, and R. M. Botez, “New methods of optimization of the flight profiles 
for performance database-modeled aircraft,”  Proceedings of the Institution of Mechanical Engineers, 
Part G: Journal of Aerospace Engineering, p. 0954410014561772, 2014. 

[44] R. S. F. Patrón and R. M. Botez, “Flight trajectory optimization through genetic algorithms 
coupling vertical and lateral profiles,” in ASME 2014 International Mechanical Engineering Congress 
and Exposition, pp. V001T01A048–V001T01A048, American Society of Mechanical Engineers, 2014. 

[45] J. Cheung, J.-L. Brenguier, J. Heijstek, A. Marsman, and H. Wells, “Sensitivity of flight durations 
to uncertainties in numerical weather prediction,” SESAR Innovation Days, 2014. 

[46] R. Vazquez and D. Rivas, “Propagation of initial mass uncertainty in aircraft cruise flight,” 
Journal of Guidance, Control, and Dynamics, vol. 36, no. 2, pp. 415–429, 2013. 



EDITION [00.01.00] 

 

 

54 
 

[©SESAR JOINT UNDERTAKING, 2016. Created by TBO-Met Project Consortium 
for the SESAR Joint Undertaking within the frame of the SESAR Programme co-
financed by the EU and EUROCONTROL. Reprint with approval of publisher and 
the source properly acknowledged. 

 

 
 

 

[47] E. Casado, C. Goodchild, and M. Vilaplana, “Sensitivity of trajectory prediction accuracy to 
aircraft performance uncertainty,” in Proc. of the AIAA INFOTECH@AEROSPACE (I@A) CONFERENCE. 

[48] G. Cottrill and F. G. Harmon, “Hybrid gauss pseudospectral and generalized polynomial chaos 
algorithm to solve stochastic trajectory optimization problems,” in AIAA guidance, navigation, and 
control conference, p. 6572, 2011. 

[49] Y. Matsuno and T. Tsuchiya, “4d trajectory optimization in the presence of uncertainty,” in 
AIAA Aviation Technology, Integration, and Operations Conference, pp. 1–11, 2013. 

[50] Y. Matsuno, T. Tsuchiya, J. Wei, I. Hwang, and N. Matayoshi, “Stochastic optimal control for 
aircraft conflict resolution under wind uncertainty,” Aerospace Science and Technology, vol. 43, 
pp. 77–88, 2015. 

[51] X. Li, P. B. Nair, Z. Zhang, L. Gao, and C. Gao, “Aircraft robust trajectory optimization using 
nonintrusive polynomial chaos,” Journal of Aircraft, vol. 51, no. 5, pp. 1592–1603, 2014. 

[52] J. Fisher and R. Bhattacharya, “Optimal trajectory generation with probabilistic system 
uncertainty using polynomial chaos,” Journal of dynamic systems, measurement, and control, vol. 133, 
no. 1, p. 014501, 2011. 

[53] T. C. Flanzer, G. C. Bower, and I. M. Kroo, “Robust trajectory optimization for dynamic soaring,” 
in AIAA Guidance, Navigation, and Control Conference, p. 4603, 2012. 

[54] W. Liu and I. Hwang, “Probabilistic aircraft midair conflict resolution using stochastic optimal 
control,” Intelligent Transportation Systems, IEEE Transactions on, vol. 15, no. 1, pp. 37–46, 2014. 

[55] A. Nilim, L. El Ghaou, and V. Duong, “Robust dynamic routing of aircraft under uncertainty,” in 
Digital Avionics Systems Conference, 2002. Proceedings. The 21st, vol. 1, pp. 1A5–1, IEEE, 2002. 

[56] A. Nilim, L. El Ghaoui, and V. Duong, “Multi-aircraft routing and traffic flow management 
under uncertainty,” in 5th USA/Europe Air Traffic Management Research and Development Seminar, 
Budapest, Hungary, pp. 23–27, 2003. 

[57] A. Nilim and L. El Ghaoui, “Algorithms for air traffic flow management under stochastic 
environments,” in American Control Conference, 2004. Proceedings of the 2004, vol. 4, pp. 3429–
3434, IEEE, 2004. 

[58] D. Gonzalez-Arribas, M. Soler, and M. Sanjurjo, “Wind-based robust trajectory optimization 
using meteorological ensemble probabilistic forecasts,” in  SESAR Innovation Days 2016 (SIDs’16)., 
2016. 

[59] D. González-Arribas, M. Soler, M. Sanjurjo-Rivo, U. Gelhardt, J. Lang, T. Hauf, and J. Simarro, 
“Robust optimal trajectory planning under uncertain winds and convective risk,” Submitted to ATM 
Seminar 2017, 2017. In process of review. 

[60] A. Nuic, “User manual for the base of aircraft data (bada) rev 3.11,”  Atmosphere, vol. 2010, 
p. 001, 2010. 

[61] E. Gallo, F. Navarro, A. Nuic, and M. Iagaru, “Advanced aircraft performance modeling for atm: 
Bada 4.0 results,” in 25th Digital Avionics Systems Conference, 2006 IEEE/AIAA, pp. 1–12, Oct 2006. 



D4.1 EFFICIENCY/PREDICTABILITY TRADE-OFF OF 4D TRAJECTORIES AT PRE-TACTICAL 
LEVEL 

 
 

  

 

 

 

©SESAR JOINT UNDERTAKING, 2016. Created by TBO-Met Project Consortium 
for the SESAR Joint Undertaking within the frame of the SESAR Programme co-
financed by the EU and EUROCONTROL. Reprint with approval of publisher and 
the source properly acknowledged. 
 

55 
 

 
 
 

[62] R. Carbone, J. Tuttle, D. Ahijevych, and S. Trier, “Inferences of predictability associated with 
warm season precipitation episodes,”  Journal of the Atmospheric Sciences, vol. 59, no. 13, pp. 2033–
2056, 2002. 

[63] G. Ellrod and G. Field, “The characteristics and prediction of gulf stream thunderstorms,” in 
Conference on Weather Forecasting and Analysis, 10 th, Clearwater Beach, FL, pp. 15–21, 1984. 

[64] M. Tiedtke, “A comprehensive mass flux scheme for cumulus parameterization in large-scale 
models,” Monthly Weather Review, vol. 117, no. 8, pp. 1779–1800, 1989. 

[65] P. Bechtold, M. Köhler, T. Jung, F. Doblas-Reyes, M. Leutbecher, M. J. Rodwell, F. Vitart, and 
G. Balsamo, “Advances in simulating atmospheric variability with the ecmwf model: From synoptic to 
decadal time-scales,” Quarterly Journal of the Royal Meteorological Society, vol. 134, no. 634, 
pp. 1337–1351, 2008. 

[66] P. Bechtold, N. Semane, P. Lopez, J.-P. Chaboureau, A. Beljaars, and N. Bormann, 
“Representing equilibrium and nonequilibrium convection in large-scale models,” Journal of the 
Atmospheric Sciences, vol. 71, no. 2, pp. 734–753, 2014. 

[67] D. Garg, M. A. Patterson, C. L. Darby, C. Francolin, G. T. Huntington, W. W. Hager, and A. V. 
Rao, “Direct trajectory optimization and costate estimation of general optimal control problems using 
a radau pseudospectral method,” in Proceedings of the AIAA Guidance, Navigation, and Control 
Conference and Exhibit, 2009. 

[68] C. Lawson and R. Hanson, Solving Least Squares Problems. Society for Industrial and Applied 
Mathematics, 1995. 

[69] I. M. Ross and F. Fahroo, “Pseudospectral knotting methods for solving nonsmooth optimal 
control problems,” Journal of Guidance, Control, and Dynamics, vol. 27, no. 3, pp. 397–405, 2004. 

[70] D. Gonzalez-Arribas, M. Sanjurjo-Rivo, and M. Soler, “Optimization of path-constrained 
systems using pseudospectral methods applied to aircraft trajectory planning,” in Workshop on 
Advanced Control and Navigation for Autonomous Aeroespace Vehicles, IFAC, 2015. 

[71] W. E. Hart, J.-P. Watson, and D. L. Woodruff, “Pyomo: modeling and solving mathematical 
programs in python,” Mathematical Programming Computation, vol. 3, no. 3, pp. 219–260, 2011. 

[72] A. Wächter and L. T. Biegler, “On the implementation of an interior-point filter line-search 
algorithm for large-scale nonlinear programming,”  Mathematical programming, vol. 106, no. 1, 
pp. 25–57, 2006. 

[73] I. M. Ross, R. J. Proulx, M. Karpenko, and Q. Gong, “Riemann–stieltjes optimal control 
problems for uncertain dynamic systems,” Journal of Guidance, Control, and Dynamics, pp. 1–13, 2015. 

[74] H. Niederreiter, Quasi-Monte Carlo Methods. Wiley Online Library, 2010. 

[75] I. H. Sloan and H. Woźniakowski, “When are quasi-monte carlo algorithms efficient for high 
dimensional integrals?,” Journal of Complexity, vol. 14, no. 1, pp. 1–33, 1998. 



EDITION [00.01.00] 

 

 

56 
 

[©SESAR JOINT UNDERTAKING, 2016. Created by TBO-Met Project Consortium 
for the SESAR Joint Undertaking within the frame of the SESAR Programme co-
financed by the EU and EUROCONTROL. Reprint with approval of publisher and 
the source properly acknowledged. 

 

 
 

 

[76] R. E. Caflisch, W. J. Morokoff, and A. B. Owen, Valuation of mortgage backed securities using 
Brownian bridges to reduce effective dimension. Department of Mathematics, University of California, 
Los Angeles, 1997. 

[77] S. Tezuka, “On the necessity of low-effective dimension,” Journal of Complexity, vol. 21, no. 5, 
pp. 710–721, 2005. 

[78] R. Cools and P. Rabinowitz, “Monomial cubature rules since “stroud”: a compilation,” Journal 
of Computational and Applied Mathematics, vol. 48, no. 3, pp. 309–326, 1993. 

[79] R. Cools, “Monomial cubature rules since “stroud”: a compilation—part 2,” Journal of 
Computational and Applied Mathematics, vol. 112, no. 1, pp. 21–27, 1999. 

[80] D. Xiu, Numerical methods for stochastic computations: a spectral method approach. 
Princeton University Press, 2010. 

[81] B. J. Debusschere, H. N. Najm, P. P. Pébay, O. M. Knio, R. G. Ghanem, and O. P. Le Mâıtre, 
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